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Abstract. Let B(A) be a level t highest weight crystal of the quantum affine algebra XJ q (An )• 
J^jrJ We construct an explicit crystal isomorphism between the geometric realization 55(A) of the crystal 

B(A) using quiver varieties and the path realization 7-" ad (A) arising from the adjoint crystal iJ ad >* 
of level i. 



Introduction 

The theory of perfect crystals was developed in studying vertex models in terms of representation 
theory of quantum affine algebras [10]. The theory of perfect crystals has a lot of applications to 
several research areas, and plays an important role in the theory of crystal bases. The crystal -B(A) 
of an irreducible highest weight module V(A) with highest weight A over a quantum affine algebra 
can be realized as the crystal V B (A) consisting of A-paths in a perfect crystal B. In pQ, Benkart, 
Frenkel, Kang and Lee gave a uniform construction of level 1 perfect crystals B 3 ^' 1 = B(0) + B(6), 
called the adjoint crystals, for all quantum affine algebras. Here, 9 is the maximal (short) root of 
the corresponding finite-dimensional simple Lie algebras. It was expected that the crystal B ad ' e = 
B(0) + B{&) + ■ ■ ■ + B(£9) is a perfect crystal of level I. This conjecture was proved for types 
A n 1] , C£\A!£>, Dn+l and °n 5 (which yield types bP,A^-i) in [3 QU QS [26] . These perfect crystals 
are called the adjoint crystals of level £. 

Let g be a symmetric Kac- Moody algebra. Lusztig [THEO] gave a geometric construction of U~(q) 
in terms of perverse sheaves and introduced the notion of canonical bases (or lower global bases by 
Kashiwara [13)- In [17] . Kashiwara and Saito proved that the set *B(oo) of irreducible components of 
Lusztig's quiver varieties has a crystal structure, which is isomorphic to the crystal B(oo) of U~ (g) . For 
a dominant integral weight A, Nakajima [22| 2;'> defined a new family of quiver varieties corresponding 
to A and constructed a geometric realization of V(A). In [24], Saito defined a crystal structure on the 
set 93(A) of irreducible components of certain Lagrangian subvarieties of Nakajima's quiver varieties, 
and showed that 23(A) is isomorphic to the crystal B(A). 

In this paper, we give an explicit crystal isomorphism from the geometric realization 23(A) to the 
path realization V ad {A) arising from the adjoint crystal B ad > £ of level I for type An - This is a 
generalization of the previous result [13]. Let g be the Kac- Moody algebra of type A^ and g be the 
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corresponding simple Lie algebra. Let B 1,e (resp. B n ' £ ) be the perfect crystal of level I given by (|2.1[) 
(resp. (|2.4p ). Choose the counterclockwise orientation Q of the Dynkin diagram of type A n . Let A 
be a dominant integral weight of level I, and let A' := J^iei A(/ii+i)A; and A" :— J^iei A(hi-i)Ai, 
where A^ is the ith fundamental weight. We first deduce two kinds of Young walls [5l [8] from the 
results in [3l [Tl 112) , and describe irreducible components of quiver varieties by using these two kinds of 
Young walls; see Proposition 221 Proposition |L3l Then, using these descriptions, we give a geometric 
interpretation of the fundamental isomorphism of perfect crystals 

05(A) ~ 03(A') ® B 1 ' 1 and 23(A) ~ 05(A") ® B n l 

(Theorem 15. 4j) . Unlike the approach in [13j . we deal directly with irreducible components in the 
crystal 03(A) without using the strict embedding 03(A) «-> 03 (oo) <E)Ta<E) C. From these fundamental 
isomorphisms, we give explicit isomorphisms from 03(A) to the path realizations V 1 (A) and V n (A) 
arising from B 1 ' 1 and B n l in terms of dimension vectors fTheorem l5.6l) . Using the crystal isomorphism 
q&a,i ^ ^ gn,i ^ we obtain a geometric interpretation of the isomorphism 

03(A) ~ 03(A) ® B ad t 

and an explicit map 

03(A) ^>-p ad (A) 

in terms of dimension vectors; see Theorem 15 . 71 and Corollary 15.81 

This paper is organized as follows. Section 1 contains the notion of crystal for U q (A n 1 ' > ) and the 
theory of perfect crystals. Section 2 gives a description of the adjoint crystals B &d ' 1 of level I for type 
An^ in terms of Young tableaux. In Section 3, we review the geometric realizations 03(oo) and 03(A) 
using quiver varieties. In Section 4, we deduce two kinds of Young walls y 1 (A) and y n (A) which 
give combinatorial realizations of B(A), and investigate connections between y 1 (A) (resp. y n (A)) and 
03(A). Then we describe irreducible components of quiver varieties by using these two kinds of Young 
walls. In Section 5, we construct an explicit crystal isomorphism 03(A) V (A). We first find 
geometric interpretations of the isomorphisms 03(A) ~ 03(A') ® B 1,1 and 03(A) ~ 03(A") (g> B n > 1 from 
the description using Young walls in Section 4. Then we give an explicit description of the A-path 
in B 1 ' 1 (resp. B n,t ) corresponding to an irreducible component X G 03(A) in terms of dimension 
vectors. Using the crystal isomorphism B ad ' e ~ B 1 ' 1 eg) B n ' 1 , we obtain an explicit isomorphism 
03(A) — > "P ad (A) in terms of dimension vectors. 

Acknowledgments. The author would like to express his deepest gratitude to Professor Seok-Jin 
Kang for his guidance, valuable comments and enthusiastic encouragement. 

1. Crystal graphs for U q {A i n ) ) 

Let / := Z/(n+ 1)Z be an index set. The affine Cartan datum of type A„ consists of (i) the affine 
Cartan matrix A — (ciij)i,jel °f tyP e A n , (ii) dual weight lattice P v := ©" = o^^^ ® (iii) affine 
weight lattice P := 0" =o ZAi © 15 C f)*, where t) := C ® z P v , Ai(hj) = 5 ij: Ai(d) = 0, 5 (hi) = 
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0, 5(d) — 1 G I), (iv) the set of simple coroots II V = {h L \ i G /}, (v) the set of simple roots 
II = {a, | is/} given by 

cx.j(hi) = ay and ay(d) = <Jo,j (*i J G -0- 
The free abelian group Q := ®" =0 is called the root lattice and the semigroup Q + := Y^i=o ^>o^i 
is called the positive root lattice. For a = J2i£i^i a i *5 + ' the number ht(a) := ~^2 ieI ki is called 
the height of a. The elements in P + := {A G P | A(/ij) > 0, i G /} are called the dominant integral 
weights. 

Let U q (o) be the quantum affine algebra associated with the affine Cartan datum (A, II, II V , P, P v ) 
of type A„ . Let t/~(fl) (resp. U q (g)) be the subalgebra of U q (g) generated by fa (resp. ei) for j G I. 

Definition 1.1. A crystal B associated with U q (g) is a set together with the maps wt : B — > P. e,, /, : 
B — > BU {0}, and £j, 99, : P — > Z U {—00} (z G J) satisfying the following conditions: 

(1) ^(6) = ei(b) + (hi,wt(b)) for all i G I, 

(2) wt(e l 6) = wt(6) + at if e^fe G P, 

(3) wt(/ib) = wt(6) - cxi if /i6 G P, 

(4) e l (g l 6) = £i(6) - 1, </5i(ei6) = ^(6) + 1 if <5;fe g P, 

(5) ei(fib) =Ei(b) + l, piifib) = <pi(b) - 1 if fib G P, 

(6) /i6 = b' if and only if b = 1$ for b,b' E B, i G J, 

(7) if = —00 for 6 G P, then e^fr = = 0. 

We refer the reader to 0Q3] for the tensor product rule of crystals. For A G P + , let V(A) be the 
irreducible highest weight U q (g)-module with highest weight A. It was shown in [T3] that U~(g) and 
V(A) have crystal bases, denoted by P(oo) and P(A) respectively. 

We now recall the notion of perfect crystals. Let U' q (g) be the subalgebra of U q (g) generated by 
ei,fi, q ±h > (i G I), and set P := ©^ l =0 ZA t , P + := J^U Z >o^ := 0^=0 and f) := C ® z P V - 
Denote by cl : P — > P the natural projection from P to P. Given a U' q (g)-crystal P and 6 G P, let 

n n 
i=0 i=0 

Definition 1.2. A perfect crystal of level £ is a finite [/^(g)-crystal P satisfying the following condi- 
tions: 

(1) there exists a finite dimensional P^(g)-module with a crystal basis whose crystal graph is 
isomorphic to P, 

(2) B (E> B is connected, 

(3) there exists a classical weight A' G P such that 

wt(P) CA' + J2 Z <o a « #( S A' := {6 G P I wt(&) - A'}) = 1, 

(4) for any b G P, we have (c := £^ ie j £(&)) > ^, 

(5) for each A g p\ := {^1 g P + | (c, /i) = £}, there exist unique vectors b A and 6a in P such 
that e(b A ) = A, p(6 A ) = A. 
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Given A € P + with level I and a perfect crystal B of level £, it was shown in jTUJ [IT] that there 
exists a unique crystal isomorphism, called the fundamental isomorphism of perfect crystals, 

(1.1) $ : B(A) -A- B(e(6 A )) ®B 

sending the highest weight vector ua to w e (h A ) <S> 6a- By applying this crystal isomorphism repeatedly, 
we get a sequence of crystal isomorphisms 

B(A) B(A X ) ® B B(A 2 ) ® B <g) B , 

where A = A, b = 6a, A k+1 = e(6fe), 6fe + i = 6 a j=+i (fc > 0). The sequence pa := (6fc)£L is called the 
ground-state path of weight A and a sequence p = (pk)kLo °f elements pk 6 B is called a A-path in B 
if pfe = 6^ for all k 3> 0. Let V B {A) be the set of A-paths in B. Then we have the path realization of 
B(A) arising from B. 

Theorem 1.3. [lOj There exists a unique crystal isomorphism B(A) V B (A) which maps u\ to 

PA- 



2. Adjoint crystals of level £ for type A 



(i) 



In this section, we give a description of adjoint crystals B ad ^ for type An in terms of Young 
tableaux [18]. Let U q (g) be the subalgebra of U q (o) generated by /-j,e, and q hi for i £ I \ {0}, and 
let G7j := Aj — Ao (1 < i < n). It is well-known that a C/ g (g)-crystal can be realized as the set of 
semistandard tableaux with entries 1, . . . ,n+ 1 (0 Chapter 7], [T5] . etc). 

Let us first recall the perfect crystals B 1 ' and B™^ given in (TTJ. Note that, though B 1,£ and B"^ 
are dual to each other, it is difficult to describe an explicit crystal isomorphism between the path 
realizations arising from B i e and B n l . As a £/ g (g)-crystal, B 1 ^ is isomorphic to the crystal B{lw\). 
For 6 £ B(-foi), let ^(6) be the number of % in 6, and set i>o(b) := i/„+i(6)- Then 

n+l ~> 



(2.1) 



B 1 ' 



1 




1 




n+l 




n+l 



The crystal structure of B 1:£ is given in [TTJ Section 1.2]. The map wt : B 1 ^ 
More precisely, let 

(2.2) ip l ' e : wt(B x ^) — B 1,e 

be the map sending a weight X/fceJ a fc-^fc to the tableau 6 given by 



wt(B ' ) is bijective. 



1 



E 

fe=i 



for i = 1, 



Then V M is the inverse of wt : B 1,£ wt(B M ). For each A = J2kei a k^~h € B+ of level £, the 
ground-state path p 1 (A) of A is given as follows: 

(2-3) P X (A) = (6£) fc > , 
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where is the tableau in B 1 ' 1 obtained by Vj{b^) = a,j+k mod n for j = 1, . . . , n + 1- We denote by 
V 1 (A) the path realization arising from B 1 ' . 

We now consider the crystal B n ' e . As a £/ g (g)-crystal, B n ' e is isomorphic to the crystal B(£zu n ). 
Let 



ffl 



i - 1 



i + 1 



n + 1 



For b £ B(lzu n ), let Vi(b) denote the number of i in b, and set Vo(h) := v n+ i{b). Then 

n+i ~i 



(2.4) 



6 := 

















n + 1 




n + 1 




1 




1 



5>(6) = 



The crystal structure of B n,i is given in [TTJ Section 1.2]. Then the map wt : B 7h£ 
bijective, and the inverse is given by 

(2.5) : wt{B n > e ) — ► B n ' { , 

which maps a weight X^fcgi «fcAfc to the tableau 6 obtained by 



wt( J B n '0 is 



Vi(b) 



\ fe=l / fc=i 



afc for i = 1, . . . , n + 1. 



For A = X^fce/ a k^k £ P + of level the ground-state path p n (A) of A is given as follows: 



(2.6) 



p"(A) = (6 fc ) fc > , 



where b^ is the tableau in B n ' e obtained by Vj(b k ) — aj-k-i mod n for j = 1, . . . , n + 1. We denote 
by V n (A) the path realization arising from B n ' . 

Let 6 := zu\ + zu n . Then any tableau T of B(k9) (1 < fc < £) can be written as 















il 




ik 


h 




jk 



(2.7) T 
for some ii > • • • > ik and ji < ■ ■ ■ < jk- As a U q (g)-crystal, let 

gad/ . = 0£( fc 0). 



To define the Kashiwara operators eo,/o on B ad - e , we need some notation. For a tableau T and 
s £ Z> , let 9\ S (T) (resp. £ S (T)) be the tableau obtained from T by removing s columns from the 
left of T (resp. the right of T). In particular, if we take a tableau T of the form (|2.7p . then we 
regard 91fc(T) = ii •■• jk (resp. £fc(T) = Ij ■■■ 7 fc ) as an element in the perfect crystal B 1,k (resp. 
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B n ' k ). Given two tableaux T € B(kzui) and T 1 G B(k'wi'), if it exists, T *T' denotes the tableau in 
B{kw l + k'w v ) obtained from T by adding V to the right of T. Fix b € B(k6) C 5 atM . Let 

fe L :=£*,(&), foi?, :=9lfe(6), e 1 := ^i(&r), := £ 2 := F n+ i (&/,), <^ 2 :=Fi(6z). 

The Kashiwara operators eo, fo are given as follows: 

bL * e (b R ) 

(b L * pF| ) * (&r * |» + i| 



So (6) 



/o(6) 





fii(6z)*JHi(/o(6ji)) 

»L * /o(&fl) 

/o(&l) * &ii 

&i) * ( [T] * 6 a ) 



n + 1 



if lyj 1 > e 2 and e 1 > 0, 
if if 1 > e 2 ^ 1 = and k < £ 
if tp 1 < e 2 and e 1 > 0, 
if p 1 < e 2 and e 1 = 0, 
otherwise, 

if ip 1 > e 2 and ip 2 > 0, 
if ip 1 > e 2 and <^ 2 = 0, 
if tp 1 < e 2 and <p 2 > 0, 
if tp 1 < s 2 ,ip 2 = and k < £, 
otherwise. 



Then the crystal B with eo, fo becomes a U' (g)-crystal. 

Lemma 2.1. [H Section 3.3] Let : B 11 <g> B n - e -> B ad ^ &e tfie map denned 6y 



^(6® 6) 



(6) ( & ) * (6) ( 6 ) otherwise, 



for b G 5 M and 6 G B n >*. TTien ^ is a crystal isomorphism. 

Note that B aA ' 1 is perfect by pU Lemma 4.6.2]. 

Lemma 2.2. Let A := X^fee/ a kAk be a dominant integral weight of level £. We set b to be the 
tableau in B((£ — ao)6) such that the number of i inb and the number of i inb are equal to (Zj_i for 
2 < i < n + 1 . Then 

p ad (A) := •••<g>b<g>b(g)b 

is i/ie ground-state path of A in B ad,i . 



Proof. We write A = Aj 1 

b :-- 



Aj e for ji < ■ ■ ■ < je- Define a tableau 



jt + 1 




jaa + l + 1 


Jqo + 1 + 1 




31 + I 



By construction, b is contained in £?((£ — oq)9) and such that the number of i in b and the number of 
i in b are equal to for 1 < i < n+ 1. Therefore, the assertion follows from e(b) = y(b) = A. □ 



We denote by "P ad (A) the path realization arising from B ad ' £ . From ()2.2)) . (|2.5[) and Lemma |2~T 
we obtain the 1-1 correspondence between wt(B 1 ' e ) x wt(£? n,£ ) and B ad,e : 

^ : wt(L? M ) x wt(B n ' e ) — -> B acM , 

(«,/?) —> £V''(a)®^(/?)). 



(2.8) 
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Example 2.3. Let g be of type and A := 2A + A x . We set b := ffflfifohfiUA in B(A), 
where u\ is the maximal vector of B(A). Then the corresponding elements of b in V 1 (A), V n (A) and 
V ad (A) are given as follows: 



P 

P" 



p ad = • • • 



2 


2 


3 


3 


3 


1 



2 


3 


3 


2 


2 


2 







2 


2 


3 




1 


1 


1 



1 


2 


3 




1 


1 


1 



1 


2 


3 





1 


2 


3 





1 


2 


2 


2 


2 


3 


3 


3 


3 





3. Geometric realizations of crystals 

In this section, we review the geometric constructions 23(A) for type An K Let I = Z/(n + 1)Z and 
i/ the set of the arrows such that i — V j with i,j e. I, i — j = ±1 . For ft G H, we denote by in(ft) 
(resp. out (ft)) the incoming (resp. outgoing) vertex of ft. Define an involution ~ : H — > i/ to be the 
map interchanging i — s> j and j — » i. Let := {ft € H | in(ft) — out(ft) = 1} so that H = fi U f2; i.e., 




We take the map e : H — > { — 1, 1} given by e(ft) := 1 if ft € O and e(ft) := —1 if ft G f2. Given 
an /-graded vector space V = 0™ =o V%, let dim V := X)"=o dim(Vi)ai. For a = X)"=o ^i^i e l et 
^( a ) := ©™=o Vi( a ) be an /-graded vector space such that Vi(a) is a C- vector space with an ordered 
basis v l (a) — {vq, u| . . . , for i s /. Fix an ordered basis 

v(a) = {v%, . . . , Ufc _i,«o, ■ • ■ , Ufei-i. ■ • ■ ,«o . • ■ • u L-i}> 

for V^(a). For simplicity, we write V (resp. V*) for V(a) (resp. V^(a)). Let 

E{a) := E n {a) 8 %(a), 

where £ Q (a) := ieJ Hom(V;_i, ^) and %(a) := © i£/ Hom(Vi, V*_i). 

Let 7rn (resp. 7Tq) denote the natural projection from E'(a) to En(a) (resp. Eq(o)). For an element 
X G E(a), if there is no danger of confusion, we write x = (xj G Hom(Vi_i, Vi))j £ / (resp. x — (x"j G 
Hom(Vi, Vi-i))ie/) Ior ^(x) (resp. tTq(x))- The matrix representations of x and x in the ordered 
basis v(a) are given as 



/ 









x 


\ 




( ° 


Xl 





... o 


\ 




Xl 



















x 2 




















x = 









'•• 












'•• 

















V 










x„ 


/ 




\ x 










/ 
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where Xi (resp. afj) is the matrix representation of x\v i _ 1 ■ Vi-\ ~ > Vi (resp. x\vi ■ Vi — > Vi-±) in the 
ordered bases v l ~ 1 (a) and v 1 (a) (resp. v l (a) and v' l ~ 1 (a)). 

The algebraic group G(a) :— Y\ ieI Aut(Vi) c Aut(V) acts on E(a) by g ■ \ := gx9~ X f° r .9 £ G(a) 
and x G E(a). For x G -E(a) and h £ H, define Xft := aiw/o if ft. G fl and Xh := ^out(h) if h € f2. 
Let ( , ) be the sympletic form on _E(a) defined by (x, x') := Yl/h^H e W^ T (XhX'h) f° r XjX' £ -E'(a). 
Note that i£(a) may be viewed as the cotangent bundle of En(a) (resp. E^(a)) under this form. 
The moment map fj, = (fa : E(a) -> End(Vi)) ie i is given by fa(x) ■= J2heH, in(fc)=i e ( h )XhXh for 
X G -E(a). Note that, for x = £ + ^ G -E(a), 

(3.1) A*i(x) = for alH G / if and only if xx — xx = 0. 

An element x G E(a) is nilpotentii there exists an N > 2 such that for any sequence hi, . . . , Hn G H 
satisfying in(hi) = out(/ij+i) (i = 1, . . . , JV — 1), the composition map x/t N ■ ■ ■ Xhi is zero. We define 
Lusztig's quiver variety [19} [20] to be 

3t(a) := {x G E(a) \ x '■ nilpotent, fa(x) = for all i G /}. 

Let IrrX(a) denote the set of all irreducible components of X(a). In [T7], Kashiwara and Saito gave 
a crystal structure to 53(00) := |_j ag Q+ IrrX(a), and proved the following theorem. 

Theorem 3.1. |17[ Theorem 5.3.2] There is a unique crystal isomorphism *8(oo) ~ B(oo). 

We now review Nakajima's quiver varieties [22j [23]. For A = Yh=o a i^i £ ^ W(A) := 
©r=o Wi(A) such that Wi(A) is a C- vector space of dimension <Zj. For simplicity, we write (resp. 
Wi) for W(A) (resp. Wi(A)). Let 

X(A, a) := X(a) x ^ Hom(K ( , Wi). 

The group G(a) acts on A(A, a) by g-(x, *) := (5Xff~\ ^ff" 1 )- F° r X G X(a), an /-graded subspace 5 of 
V(a) is x-wwancmi if Xfc.(<S'out(7i)) C <S'ii 1 (/ l ) for all h € H. An element (x, i) G X(A, a) is called a stable 
point if it satisfies the following conditions: if S is a x-invariant subspace of V with ti(Si) = (i £ I), 
then 5 = 0. For (x = x + x, t) G A (A, a), one can prove that 

(3.2) (x, t) is st able ^=> kerx n ker a; fl kerf = 0. 
Let X(A, a) st be the set of all stable points of X(A, a). We define 

X(A,a) := X(A,a) st /G(a). 

Let IrrX(A,a) (resp. IrrX(A, a)) be the set of all irreducible components of X(A,a) (resp. X(A,a)). 
Since IrrX(A, a) can be identified with {Y G IrrA(A, a)\ Y n A(A, a) st ^ 0}, we have 
n A : IrrX(a) — ► IrrX(A, a) U {0}, 

(3.3) 



A .— > x g Hom(y i , 



nl(A,«) st /G(a). 



In [24], Saito defined a crystal structure on 05(A) := |J a , e Q + IrrX(A, a), and proved the following 
theorem. 
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4. Quiver varieties and Young walls 

The Young walls are new combinatorial objects introduced by Kang [5j [8] for realizing crystals of 
basic representations for several types. Young walls generalize the notion of colored Young diagrams in 
[2j [21] . In this section, we deduce two kinds of Young walls from the results given in j3[ 13 [12j [25] , and 
describe irreducible components of 23(A) by using these two kinds of Young walls. This description 
will play a crucial role in proving Theorem 15.41 

Let and P£ be the patterns of a fundamental weight Afc given as follows: 





































1 


2 


3 


4 




fc + 1 


fc + 2 







n 


n - 1 


n - 1 




fc - 1 


fc - 2 







1 


2 


3 




fc 


fc + 1 




1 





n 


n — 1 




fc 


fc - 1 




n 





1 


2 




fe - 1 


fc 




2 


1 





n 




fc + 1 


fc 



the pattern of weight A k the pattern P£ of weight Afc 



A Young wall Y in Pjf. (resp. P£) is a wall consisting of colored blocks stacked by the following rules: 

(a) the colored blocks should be stacked in the pattern V\ (resp. P£) of weight A&, 

(b) except for the rightmost column, there should be no free space to the right of any block. 

We number columns of Y from right to left, denoted by Y = {yj)j>o where yj is the jth column of 
Y. Let ht(yj) be the number of blocks in yj, and wt(yj) := X^e/ (J £ ^>o)i where kij is the 

number of z-blocks in the jth column yj. Let 3^ (resp. y%) denote the set of all Young walls in the 
pattern Pj. (resp. P£). Fix A G P + of level I. Then A can be uniquely written as 

A = Aij + • • • + A ie 

for some < i\ < ii <■■•<«£< n. For an ^-tuple Y = (Y^\ . . . , yW) of Young walls, let l^ k ' be 
the length of the jth row of Y^ k \ and be the color at the left end of the jth row of Y^ k \ An 
£-tuple Y = (Y {1 \ Y&) of Young walls is said to be reduced if, for all t > 0, 

{cf\lf=t, l<k<i, j>0} ^ {0,1,..., n}. 

Let 

y\A) := {Y = (Y^\ . . .,YW) I eyi h , Y : reduced, 
(4 ' X) y« * Y« -<...-< yW -< yd) + „ + i}. 

Here, if let y' fc ' = (yj )j>0) then the order ^ is given as follows: 

y« d y(fc+D ^ ht(yf < ht(j/f + - i fc (jeZ>o), 
yM ^ y(i) +n+ i ^ ht(yf ) < ht(^ (1) ) + h - i e + n + 1 (j 6 Z> ). 
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Then, by J3J Proposition 2.11], we have a 1-1 map 
F 1 : y X (A) — ► V\A), 

(4.2) 



y = (F 1 \...,yW) ^ U 



M (wt(^)-cl (j>% 



3>0 



where p x (A) = (b^)k>o is the ground-state path of A in B 1 ^. 
In a similar manner, we let 

y n (A) := {Y = (F (1) , . . . ,F W ) | F W e X", Y : reduced, 

(4 ' 3) F ( VF (2) ^...^F ( VF (1) -n-i}. 

Here, if let Y = (y^ )j>o? then the order ^ is given as follows: 

F (fe-i) ^ y (k) ^ ht (yf-^) > ht(yf) + - i k (j e Z> ), 

F W b F (1) - n - 1 ht(yf ) > ht(^ 1} ) +i / -i 1 -n-l(j€ Z> ). 

We have a 1-1 map 

F™ : ^"(A) — > P"(A), 



(44) Y = (F (1) ,...,F (£) ) (V[wt 



(^)-cl^wt(Ff)^ 



XI 



where p"(A) = (b^) k > is the ground-state path of A in B n > e . Then, J' 1 (A) and y n (A) have the 
crystal structures from 7 ,1 (A) and V n (A) via the maps F 1 and F n , respectively. 

Proposition 4.1. For A £ P + , !V 1 (A) (Vesp. ^ n (A) / ) is isomorphic to the crystal B(A). 

Note that the crystal structures of 3^ (A) and y n (A) can be described completely in a combinatorial 
manner by using [3J Proposition 2.11], [7J Theorem 3.13] and [TU Proposition 6.1]. As a set, 3 / ' 1 (A) 
is different from 3^ n (A) even when forgetting colors of Young walls. It is difficult to describe an 
explicit crystal isomorphism between y 1 (A) and y n (A) in a combinatorial manner [6j. We also 
remark that the description of y n (A) is almost the same as that of Young pyramid given in |25j . 
Given Y = (F v . . . ,F W ) e y n (A), one can obtain the corresponding Young pyramid by flipping 
Y in the diagonal and rearranging them in an appropriate manner. 

Now we describe irreducible components of quiver varieties using y 1 (A) and y n (A). Take a := 
S"=o kidii £ Q + and write V (resp. Vi) for V(a) (resp. Vi(a)). Let fc_i = k n and fc n +i = h)- By 
Proposition ^. II and Theorem 13. 2[ there is the unique crystal isomorphism from y 1 (A) (resp. y n (A)) 
to 23(A). We will describe these crystal isomorphisms explicitly. 

For s £ I, we define a linear map S'j : V s -i — > V s (resp. £^ : V s — > V s -i) by 

est s-u j v j i£k = i, ( T s J v 3 ^ 1 iik = i, \ 

c-Av k ) := < J resp. £ i7 (i4) := < J 

otherwise, \ otherwise. / 
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We first deal with an isomorphism of y n (A) and 03(A). Take Y = (Y (1) , . . . , Y (l) ) £ y n (A). Let b[f 

— (fe) — (fe) 

denote the ith block from the bottom of the jth column of Y and c(b^ ) be the color of b^ . We 

set o(b[j ) := #{b r g e Y | c(bj^) = c(b r * ), (t, r, s) -< (k,i,j)}, where -< is the lexicographical order. 
Dchnc 

(4.5) *(Y):= J2 6%( a). 
Note that, for £ > 0, 

(4.6) ker(*(Y))* = Span c {z, c ^ | bf £ F W j<t,l<k<£}. 

Since E(a) can be viewed as the cotangent bundle of E^(a), we let 

(4.7) Xq(Y) := the closure of the conormal bundle of the G(a)-orbit of x(Y). 

Proposition 4.2. The map Y H> iLa(Ao(Y)) from ^"(A) to 05(A) is a crystal isomorphism. 

Proof. By the definition of Young walls, the pair (x(Y),V(a)) becomes a nilpotent representation 
of the quiver (1,0). Moreover, it follows from the definition of y n (A) in (JO) that (sc(Y), V(a)) 
satisfies the aperiodic condition given in [20| Section 15.4]. Hence, by |20[ Corollary 15.6], Xq(Y) is 
an irreducible component of X(a). Therefore, since the description of 3^ n (A) is almost the same as 
that of Young pyramid given in [25 , our assertion follows from [5] Theorem 6.3] and [251 Theorem 
8.4]. □ 

Now we consider the crystal isomorphism between [V 1 (A) and 03(A). Let Y = (Y^, . . . ,Y^') £ 
3^ 1 (A). Let b\j denote the ith block from the bottom of the jth column of Y^ k \ and c(bjj^) be the 
color of bg } . We set o(bJ } ) := #{b# £ Y | c(bj } ) = c(b|* s ) ), (t,r,s) ~< (k,i,j)}, where -< is the 
lexicographical order. Define 

(4.8) X (Y):= £ ^f-;^ eEoia). 

6^ ) ev,i>o 

Note that, for t > 0, 

(4.9) ker(x(Y))* = Span c {^f 'j | bf £ , j < t, 1 < k < £}. 
Since E(a) can be viewed as the cotangent bundle of i?n(a), let 

(4.10) Ao(Y) := the closure of the conormal bundle of the G(a)-orbit of x(Y). 

Proposition 4.3. The map Y \-} ILa(Ao(Y)) from y 1 (A) to 03(A) is a crystal isomorphism. 

Proof. Note that 3^(A) and y n (A) are totally different as sets. By the definition of Young walls, the 
pair (:r(Y), V{a)) becomes a nilpotent representation of the quiver (I, f2). Since the counterclockwise 
orientation is opposite to O, by the symmetry of fl and O, one can prove that the pair (x(Y), V{a)) 
satisfies the aperiodic condition and A"o(Y) is an irreducible component of X(a). For the same reason, 
our assertion can be proved in a similar manner to that of |25[ Theorem 8.4]. □ 
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Example 4.4. We keep all notations in Example 12.31 The Young walls corresponding to b in 3^ 1 (A) 
and y n (A) are given as follows. 
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We set a := A— wt(6) = 4ao + 7ai+6a 2 . Let X be the irreducible component of 58(A) corresponding 
to b via the isomorphism in Theorem 13.21 The matrices x(Y) and x(Y) are given as follows. 



"ni 



x(Y) 

x(Y) := £ 23 -r <-oo "T "21 T" "52 T "63 

Note that x(Y) + x(Y) £ X(a) since [x(Y),x(Y)] ^ 0. 



^■53 + ^24 + ^00 + ^21 + £53 + 



2 

64 1 



£nn + ^21 + ^52 + ^6 



5. Quiver varieties and the crystals B 1,£ , B n,i and £? ad ^ 

In this section, we construct an explicit crystal isomorphism from the geometric realization 58(A) to 
the path realization P ad (A) (resp. V 1 (A), V n {A)) arising from B &d l (resp. B 1 ' 1 , B n - 1 ). Let X e 58(A) 
for A G P + of level i and a := A — wt(X). For an element (x, t) £ X(A, a), let [%, t] denote the G(a)- 
orbit of (x, i) in X(A, a). For an element [x = x + x, t] in a certain open subset of X, we will give an 
explicit description of the A-path in B ad ' 1 (resp. B 1,e , B n ' 1 ) corresponding to X in terms of dimension 
vectors of ker(xx) fc+1 / ker x(xx) k and ker x{xx) k / ker(xx) k (resp. kerx fe+1 /kerx fe , ker x fc+1 / ker x fc ). 
For this purpose, we need several lemmas. Combining (|3.3I) with results in |13j . we have the following 
lemmas. 

Lemma 5.1. p~3j Lemma 5.1] Let X <E 58(A). For any element [x = x + x,t] € X and k £ 1>>q, we 
have 

(1) ker(xx) fc = ker{xx) k , 

(2) ker x k and ker x k are x-invariant, 

(3) ker(xx) fc is x-invariant. 

Lemma 5.2. |13l Lemma 5.2] Let X € 58(A). There is a nonempty open subset U C X such that 

kerx k ~ kerx' k , kerx k ~ kerx' fc 
/or any elements [x = x + x, t], [x' = x' + x', t'] £ U and k £ Z>q. 
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Let M := ® ieJ Mi be an /-graded vector space and x £ Hom(M, M) be a homogeneous linear 
map of degree k. For an x-invariant /-graded subspace N of M, let x|m/./v (resp. x|jv) denote the 
homogeneous linear map of degree k in Hom(M/7V, M/N) (resp. Hom(A^, AT)) obtained by restricting 
x to M/N (resp. AT). 

Lemma 5.3. Let M = ® ieJ M; and L = © ieJ £ef x G ieJ Hom(M i _ 1 ,M l ), and let 

N:=kevx and x':=x\m/n- 

Take elements 

i'e0Hom(M l /JV 1 ,M,_ 1 /JV,_ 1 ) and f' £ 0Hom(M,/JV„%) 
iei iei 

such that 

[x',x'] = and ker a;' n ker x n ker i' = 0, 
w/iere A, is the i-subspace of N for i £ I. Then there exist 

s£0Hom(M i ,M l _ 1 ) and t £ (J) Hom(M i7 U) 
iei iei 

such that 

[x,x]—0, x\ M / N = x', t' = tox\ M / N and ker x fl kerx f) kert = 0. 

Proof. By definition, x| kor x i / kor x gives an /-graded isomorphism between ker x 2 / ker x and ker xC\lm x. 
We set 

^ := dimL, 

r := dim(kerx fl Im x) = dim(kerx 2 / kerx), 
s := dim(kerx/kerx film x), 
t := dim(M/kerx 2 ). 
Take a homogeneous ordered basis 

oj := {w},...,wj,wi,...,w s 2 ,wj,...,w?,wi,...,w f 4 } 

of M such that 

kerx n Im x = Span c {w^, . . . ,u) r }, 

kerx = Span c {wJ, . . . , w 4 , cj 2 , . . . , cj 2 }, 
kerx 2 = Span c {u;^...,u;i,cj 2 ,...,cj 2 ,^,...,w3}. 

Then the matrix representative of x with respect to the basis oj is given as follows: 

/ a b \ 

c 

d 

V e / 
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where a is an r x r matrix, b, d are r x t matrices, c is an s x t matrix and e is a t x t matrix. Note 

' d " 



that a is invertible and 



has full rank. By construction, the representative of x' is given 



x = 



d 
e 



The matrix representative of x' may be written as x' 
under x' by the assumption = 0. We have 



/ 9 
h 



. Note that ker x 2 / ker x is invariant 



(5.1) 



r / ;i / / / / I dh — fd — qe 
= z = x'x' -x'x' = ' 







e/i — /ie 



Let X := afa 1 and y be an invertible s x s matrix. Since 

y e j 

equations 

Z\d + Z s e = ag + bh — Xb and Z 2 d + Z^e = ch — Yc 



has full rank, the following 



have solutions. We choose a solution 
i e I. We set 



Z\ z$ 

Z-y Za 



of the above equations which maps Vi to Vi-i for 



x := 



( X Zx Z 3 \ 

Y Z 2 Z A 

/ g 

\ h ) 

By construction, we have x\m/Ycxx — x' and 

/ af -Xa ag + bh-Xb- Z x d - Z 3 e \ 

* ch - Yc - Z 2 d - Z±e 


\ / 



[x,x\ 



= 0. 



Now we take a map t G © ie/ Hom(Mj, L{) such that, for any element m = xm' G Im x, 

t(m) — t (m + kerx). 

Then we have t o x\ M / kcrx = t'. Fix an ordered basis of L, and let t' be the matrix representative of 
^'|kcra; 2 /kcra;- Since ker x' fl ker x' n kert' = 0, we have 

ker / n ker t' = 0. 

Then the matrix representative t of t\k CIX can be written as 

t = ( t'a- 1 t" ) 



QUIVER VARIETIES AND ADJOINT CRYSTALS OF LEVEL I FOR TYPE 15 

for some r x I matrix t". Since x|kcrx ~ ^ q y J > ^ = a f a l an d Y is invertible, we have 

ker(x| kcrx ) n ker(t\ keIX ) = 0, 

which yields 

ker x (~l ker x (~l ker £ = 0. 

Therefore, we have the assertion. □ 

Recall the fundamental isomorphism of perfect crystals Ql.ip . Combining the perfect crystals B 1 ' 
and B nl with Theorem 13.21 we have 



*X : 58(A) — > 03(A') ® -B M , 
$X : 95(A) — > 03 (A") <g> B n,e , 

where A' := Yliei A(/ij+i)Aj and A" := 5^ ieJ A(/ij_i)Aj. We give a geometric interpretation of the 
isomorphisms <$>\ and $^ m terms of quiver varieties. 

Theorem 5.4. Let X G 03(A) and a := A - wt(X). 5ei 

/3 = dim (ker x) (resp. 7 = dim (ker x)) 

for [x = x + x, t] in a nonempty open subset of X as in Lemma \5.'A Let <p : V(a)/hsrx — > V(a — (3) 
(resp. <f> : V(a) / ker x —¥ V(a — 7) ) be an I-graded vector space isomorphism. 

(1) Let A' := 5Z ie j A(/ij-|_i)Aj. Then there exists a unique irreducible component X' G 03(A') 
satisfying the following conditions: 

(a) i/iere exists a nonempty open subset U C X such that 

[<t> ° {X\v(a)/kexx) ° </>~\ (t ° X\v(a)/kerx) ° € A' 

/or any element [\ = x + x, t] G C/, 

(b) i/iere exists a nonempty open subset U' C A' smc/i t/iat every element [x'jt'] G c <™ fre 
written as 

Wit'] = [<j>o {x\v(a)/keix) ° 0~\ z|v(a)/kerx) ° ^] 

for some element [x — x + x, t] G X, 

(c) moreover, we have 

$i(X) = X'®V M (wt(6A)-cl(/3)), 

where t/} 1 ' is the 1-1 map in (12. 2[) . and p x (A) = (6^)fe>o is i/ie ground-state path of A in 
B 1 * 1 given in (jOJ) . 

(2) Lei A" := 52j eJ A(/ii_i)Aj. T/ien £/iere exists a unique irreducible component X" G 03 (A") 
satisfying the following conditions: 
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(a) there exists a nonempty open subset U C X such that 

[4>° (X|v(a)/kerx) ° </>~\ (* ° %\v(a)/ kerx ) ° G X", 

/or any element [x = x + x, t] G f7, 

(b) there exists a nonempty open subset U" C X" such that every element [x",t"] G U" can 
be written as 

[X",t"] = [4>° (Xk(a)/kerx) ° <A _1 > ( f ° ^lv(a)/ kcrz) ° 

/or some element [x = x + x,t] EX. 

(c) moreover, we have 

$X(X)=X"®V n/ (wt(6o)-cl( 7 )), 

where ip n,t is the 1-1 map in (|2.5[) . and p"(A) = (b k )k>o is the ground-state path of A in 
B n ' e given in (|2.6[) . 

Note that the open sets t7, £7' and U" in Theorem 15.41 do not depend on the choices of <f> and <j> 
since [x,t] denotes the G(a)-orbit of (x, t) G X(A,a). 

Proof. We first deal with the assertion (1). Let Y = (Y^, . . . , Y^) be the element of y 1 (A) corre- 
sponding to X via the isomorphism in Proposition [4T3J Recall that (x(Y), V(a)) is the representation 
of (I, fi) appeared in (|48|) . 

(a) From (|3.3|) and (|4.10|) . there is a nonempty open subset U C X such that, for any element 
[X, i] G J7, x is contained in the conormal bundle of the G(a)-orbit of x(Y). For 1 < k < £, let 
Y'^ be the Young wall obtained from by removing the Oth column j/q of Y^ k \ It follows from 
Equation (|4~9]) that 

(5.2) = £>(»<*>). 

fe=i 

By construction, Y' := (Y' {1 \ Y'W) can be considered as the element in J^ 1 (A'). Set 

X' := the irreducible component in QS(A') corresponding to Y'. 

Take an element [x,t] G U, and let x' := xlv(a)/kcra; an d t' :=to x\y/ a y^ eTX . We write x' = x ' + x'. 
Note that x' an d are well-defined by Lemma T5. II By construction, i^oi'o^ 1 is contained in the 
G(a — /3)-orbit of s(Y'). Since x'a;' — 3?'x' = (xx — xx)\v( a )/kcix = 0, by (|3.1[) . we have 

M«(^x'of 1 ) =0 (i G /). 

Hence [(f) o x' ° i' ° </> _1 ] is contained in X' if t 7 ) satisfies the stability condition. 

Suppose that there is a nonzero x'-invariant subspace S' of V(a)/kerx with t'(<S") = 0. Let 
7r : V(a) — > V(a)/kerx be the natural projection. Set 

S := xin^iS')) G V(a). 
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Since S' is nonzero, S is a nonzero /-graded subspace of V{a). For any element v G S, v can be 
written as v = xw for some w G tv~ 1 (S'). Note that \ w € 7r_1 ( , S'') since 5" is x'-invariant. Then, it 
follows from 

XV = (x + x)xw = x\{w) 

that S is y-invariant. Moreover, by the assumption t'(S') = 0, we have t(S) — 0. Hence S is a nonzero 
y-invariant subspace with t(S) — 0, which is a contradiction. Therefore, (x',t') satisfies the stability 
condition. 

(b) Let U' be a nonempty open subset of X' such that, for any element [%', t'\ G U', x' is contained 
in the conormal bundle of the G(a — /3)-orbit of ir(Y'). Take an element [x' = x' + x' , t'] G U' . By 
construction, a/ is contained in the G(a — /3)-orbit of x(Y'). Hence, there exists an element x in the 
G(a)-orbit of x{Y) such that 

X = o l|v-( a )/kera ° 

Then the assertion (b) follows from Lemma [5751 

(c) Combining Proposition [47T] with the fundamental isomorphism of perfect crystals (jl.ip . we have 

fciJ^A) — » y 1 (A / ) ® £? 1,£ . 
Then, by Equation (|5.2[) and the isomorphism (14. 2[) . we obtained 

$(Y)=Y'®V M (wt(0)-cl(/3)), 

which yields 

$\(X)=X'®b. 

The remaining case (2) can be obtained in the same manner. □ 

Let a, (3 G Q + with j3 < a, and A' = YJ jeJ - A(/ij + i) A,-. We consider an analogue of the diagram 
given in [201 Section 12.10]: 

(5.3) X{A',a-p)^F' ^F" ^X(A,a), 

where F" is the variety of all triples (x = x + a;, t, M) such that 

(a) ( X ,t)€X(A,a), 

(b) M is a Y-invariant subspace of V(a) with dim M = j3 and i o x(M) = 0, 
and F' is the variety of all quintuples (x, i, M, /, g) such that 

(a) (x, £, M) G F", 

(b) / = (f%)iei,g = (gi)iei give an exact sequence 

— > T^(/3) A V<(a) ^> V<(a - 0) — ► 

such that Im f = M. 



18 



EUIYONG PARK 



We also have 

Pi(x,t, M J,9) ■= {g°X\v( a )/M of 1 , {t °x\ V ( a )/ M ) og~ l ), 
where X = x + x, and g : V(a)/M — > V(a — (3) is the /-graded isomorphism induced by g, 

P2 (x,t,MJ,g):={ X ,t,M) and p 3 ( X ,t, M) ;= ( X ,t). 

Note that p 2 is a G(a — j3) x G(/3) -principle bundle and an open map. 

Take a nonempty open subset U of X e 25(A) as in Lemma 15.21 and let a := A — wt(X) and 
j3 := dim fker x) for [x = x + x, t] € U. Let 

7T : X(A 7 a) st -> X(A,a) st /G(a) 

and Uo '■= 7r _1 (J7). Note that X(A,a) st is a nonempty open subset of X(A, a). Define a map 
L : Ub -> F" by 

t(x>*) = 06*>ker a:) 

for (x = x + x, £) G J7o. Note that p 3 ot = id|[/ . We set X' g Q3(A') to be the irreducible component 
given in Theorem 15.41 (1). Given a nonempty open subset U' C X(A', a — j3) with U' n 7r _1 (X') / 0, 
it follows from Lemma 15.31 that 

Uo :=i- 1 op 2 op-\U{ ) ) 

is a nonempty open subset of Uq. Therefore, given a nonempty open subset U' C X 1 , there exists a 
nonempty open subset U C X such that, for any element [ X = x + x, t] e U, 

[<t> ° (xlv»/kerx) ° 0~\ (< ° z|v(a)/kers) ° 4>~ l ] & U' , 

where <j> : y(a)/kercc — > V(a — 0) is an /-graded vector space isomorphism. 

In the same manner, let A" = Yliel A(/ij-i)Aj and 7 := dim (ker x) for [% = x + x, t] € U. We 
consider the following diagram: 

X(A",a-j)^F'^F"^X(A,a), 

where F is the variety of all triples (x = x + x, t, M) such that 

(a) ( X ,t) eX(A,a), 

(b) M is a ^-invariant subspace of F(a) with dim M = 7 and t o x(M) = 0, 
and F is the variety of all quintuples (x, t, M, f, g) such that 

(a) (x,f ) M)ef", 

(b) / = (fi)iei,g = {gi)iel give an exact sequence 

_> v,( 7 ) A V 4 (a) K(a - 7) — ► 

such that Im f = M. 
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We set 

Pi(x,t, M ,f,g) := {gox\ V ( a )/M °<T\ {t °x\v(<x)/m) °9^ 1 ), 
where x = x + x, and g : V(a)/M — > V(a — 7) is the /-graded isomorphism induced by g, 

p 2 (X,t,MJ,g):=( X ,t,M) and p 3 ( X , t, M) := ( X ,t). 

Dehne a map I : {/ — > F by 

r (x,*) = (X,i,kerx) 

for [x = x + x,t] E U, and let X" be the irreducible component given in Theorem 15.41 (2). Then we 
obtain that, given a nonempty open subset U" C X" ', there exists a nonempty open subset U d X 
such that for any element [x = x + x, t] £ U, 

[4>° (Xk(c)/kerx) 0~\ (* °^lv(c«)/ker5) </> _1 ] 6 U" , 

where <p : y(a)/kera: — > V(a — 7) is an /-graded vector space isomorphism . Consequently, we obtain 
the following lemma. 

Lemma 5.5. With the same notations as in Theorem \5.4\ we have the following. 

(1) Given a nonempty open subset U' C X' , there exists a nonempty open subset U C X such 
that 

[<t> (X|v(a)/kerx) 4>^ 1 , (t %\v(a)/kerx) <P~ 1 ] € V 

for any element [x — x + x,t] G U . 

(2) Given a nonempty open subset U" C X" , there exists a nonempty open subset U C X such 
that 

[4> {x\v(a)/kexx) </>~\ (* x\ v{a)/ kcrW ) o (j)" 1 ] £ U" 

for any element [x — x + x,t] £ U. 

Let us recall the path realizations r P 1 (A), V n {A) and P ad (A) arising from the perfect crystals 
B 1 ' e ,B n i and B^ A,t respectively. By Theorem 11.31 and Theorem 13.21 we have crystal isomorphisms 
from 25(A) to "p-^A), V n (A) and P ad (A) respectively. We give explicit descriptions in terms of quiver 
varieties. 

Theorem 5.6. Let 

T 1 : 05(A) — ■+ V 1 {A) (resp. T™ : 35(A) — > T n {Xj) 
be the unique crystal isomorphism given by Theorem ] 1.3\ and Theorem ] 3. 2\. Letp 1 (X) := (bf )i>o (resp. 
p n (A) := (6, )i>o) be the ground-state path of A in B 1 ' 1 (resp. B n ' 1 ) given in (|2 .3[) (resp. (12 .6[) ). Take 
an irreducible component X £ 05(A). Then there exists a nonempty open subset U C X satisfying the 
following conditions: 
(1) let 

tj :=wt(6f) -cl(dim(kerx l+1 /kera; 1 )), 
Si := wt(6j ) - clf dim fker x l+1 / ker x 1 )) 
for [x = x + x, t] £ U, then the weights tj and Si do not depend on the choice of [x, t], 
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(2) moreover, 

T^X) = ty M (t*))i>o and T n (X) = (^(s,))^, 
where ip 1 ' (resp. ip n > ) is the 1-1 map in (|2.2|) (resp. I|2.5jl ). 

Proof. Let a := A — wt(X). We will use induction on ht(a). If ht(a) = 0, then there is nothing to 
prove. Assume that ht(a) > 0. We first deal with the case of T 1 and kerx. Let A' := J2iei ^-Qh+i)^, 
and X' be the irreducible component of Q3(A') given in Theorem lS^l ff). By the induction hypothesis, 
there is a nonempty open subset U' C X 1 satisfying the conditions of our assertion. By Lemma |5.5[ 
there is a nonempty open subset U C X such that 

dim ker x n+1 /ker x l% = dim ker x l+2 j ker x l+1 

for i £ Z >0 , [x' = x' + x',t'] £ U' and [x — x + x,t] £ U. Since the subsequence (&f )i>i of the ground- 
state path p 1 (A) can be viewed as the ground-state path of A' in B 1 ' , it follows from Theorem 15.41 
(1) that Vi does not depend on the choice of [x,t] £ U for each i, and 

T 1 ^) - (^ M (r0)*>o. 

The remaining case, T 71 and kerx, can be proved in the same manner. □ 
Theorem 5.7. Let 

T ad : 05(A) — > ^(A) 

be the unique crystal isomorphism given by Theorem ] 1.3\ and Theorem \3.'A Let A" = J^ igJ A(/i,-_i)Aj, 
and let p 1 (A") := (6f")i>o (resp. p"(A) := (bf) l >o) be the ground-state path of A" (resp. A) in B 1 ' 1 
(resp. B n,i ) given in ()2.3|) (resp. (|2.6p ). Take an irreducible component X £ 03(A). Then there exists 
a nonempty open subset U C X satisfying the following conditions: 

(1) let 

ti := wt(6g ) - cl( dim (ker(a:x) I+1 / ker x(xx) 1 )). 
Si := wt(6 ) — cl( dim (ker x(xxY/ ker(xxY)) 

for [x = x + x, t] £ U . then the weights t, and Si do not depend on the choice of [x, t], 

(2) moreover, 

T ad (X) = (^(t,, Bi))i> 0> 

where ip ad ' e is the 1-1 map in (|2.8[) . 

Proof. Let a := A — wt(X). We will use induction on ht(a). Since the case ht(a) = is trivial, we 
may assume ht(a) > 0. Let 7 := dim (ker x) for [x = x + x,t] in a nonempty open subset of X as 
in Lemma T5.21 and let X" be the irreducible component of Q3(A") associated with X as in Theorem 
15.41 (2). Similarly, let f3 := dim (ker x") for \x" — x" +x",t"] in a nonempty open subset of X" as in 
Lemma [521 an d let X' be the irreducible component of 03(A) associated with X" as in Theorem 15.41 
(1). Then we have 

*A»(*") = x ' ® h and $ aP0 = X" ®b 
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for some b G B 1 ' 1 and b G B n,i . From the fundamental isomorphism and Lemma |2.2[ there is a 
crystal isomorphism 

$f : 03(A) -> 33(A) <g> £ acM . 

By Lemma |2.1[ we obtain 

<$>f{X) = X'®£ e (b®b). 

On the other hand, by the induction hypothesis, there is an open subset U' C X 1 satisfying the 
conditions of our assertion. Then it follows from Lemma 15.51 that there is a nonempty open subset 
U C X such that, for [x = x + x, t] G U, 

[<t> ° (X\v(a)/kcrxx) ° (* ° XX\v(a)/kerxx) ° </> _1 ] G 

where : V(a)/ kerxx — > V(a — /3 — 7) is an /-graded vector space. Note that 7 = dim (ker x), 
j3 = dim (kerxx/ kerx) and /3 + 7 = dim (kerxx). By Theorem 15 .4[ we have 

wt(6) = wt(&£) - cl( 7 ) and wt(6) = wt(bf) - cl(jS), 

which yields, by Equation (|2,8[) . 

^(&®6)=^(r , So ). 

Since 

dim(ker(xx) l+2 /kerx(xx) l+1 ) = dim (ker f x' x' ) l+ 1 / ker x'(x'x'Y). 
dim fker x(xxY +1 1 ker x(xx) l+1 ) = dim x' (ker (x' x' ) 1 1 ker x'(x'x'Y) 



for [x = x + x.t] G [7 and \x' = x' + x',t'] G U' , our assertion follows from a standard induction 
argument. □ 

The following corollary, which is a consequence of Theorem 15.41 and Theorem 15.71 can be regarded 
as a geometric interpretation of the fundamental isomorphism of perfect crystals 

$ A d : 03(A) ^ 03(A) ®B ad ^. 

Corollary 5.8. Let X G 03(A) and a := A - wt(A). Set 

:= dim ker xx / ker x and 7 := dim kerx 

/or [x = x + x] in a nonempty open subset of X as in Theorem \ 5. 7| (1). Let (f> : l^(a)/ kerxx — > 
V(a — j3 — 7) be an I -graded vector space. Then there is a unique irreducible component X' G 03(A) 
satisfying the following conditions: 

(1) there is a nonempty open subset U C X such that 

[4> ix\v(a)/kerxx) (* ° %x\v (a) / ker xx) 4>~ 1 ] G A' 

/or any element \x = x + x, t] G U, 
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(2) there is a nonempty open subset U' C X' such that every element [x\t'} G U' can be written 
as 

[X')*'] = [4>° (X\v(a)/-kcrxx) ° 4>~ 1 , (* ° Xx\ y ( a) / kcr xlS ) O f/T 1 ] 

/or some element [x = x + x,t] £ X , 

(3) moreover, 

<(X) = X' ® ^(wt(6f ) - cl(/3),wt(6o) - cl( 7 )), 

where tp ad - e is the 1-1 map in 1(215]) , and p 1 (A") := (of"),>o fresp. p n (A) := (bf ) l > ) is the 
ground-state path of A" (resp. A) in B 1,1 (resp. B n ' e ) given in (|2.3[) (resp. (|2.6p ). 

Note that the open sets U and U' in Corollary 15.81 do not depend on the choice of cf> since [x, t] 
denotes the G(a)-orbit of (x, t) G X(A, a). 



Example 5.9. We keep all notations in Example 14.41 By (I3.3[) and (|4.10l) . it suffices to consider the 
fiber n^ x (x(Y)). By [20l Section 12.8, Proposition 15.5], we have 

ttoHsOO) = {z(Y) + x I 5 G [x(Y),x] = 0} 

= {x(Y) + x | x = x(ai, ■ ■ ■ , a 29 ), Oi, . . . , a 2 g G C}. 



Here, 



x(oi, • • • ,a 2 g) 



/ xi 

x 2 | G%(n). 
\ x 



x 
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a 12 


026 
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029 
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«18 / 
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a 2 i a 22 

o 2 6 o 2 7 a 2 3 a 2 g a 2 g a 2 4 



a 25 / 



for ai, 



, a 2 g G 
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Let 







x(Y), x := x(ai, ■ ■ • ,a 29 ) 
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and consider ax, ... , 029 as indeterminates. Then we have 



dim fker x k ) — \ 

Hence, by Theorem 
T\X) = 

r n (x) = 





3a + 3ai + 2a 2 
4a + 4ax + 5a 2 
4aQ + 6ai + 6a 2 
7a± + 6«2 



if k = 0, 
if fc = 1, 
if k = 2, 
if fc = 3, 
otherwise, 



and dim fker 3;^ 





3ao + 3ax 
3ao + 6ax 
4ao + 6ax 
4ao + la\ 
4ao + 7ax 



3a 2 
4a 2 
5a 2 
5a 2 
6a 2 



if k = 0, 
if fc = 1, 
if fc = 2, 
if fc = 3, 
if fc = 4, 
otherwise. 



we obtain 
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2 
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<g> 
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3 
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8> 
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1 
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1 
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1 


1 



On the other hand, the ground-state path of A" = 2Ax + A 2 in B 1,1 is given as follows. 
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1 
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<8> 
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3 
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3 


3 


® 


1 


1 


2 



By a direct computation, we have 

dim fker (zap fc ) 



dim fker x(xx) k ) 





4«o + 6ai + 5a 2 
4«o + 7ai + 6a 2 

3a?o + 3ai + 3a 2 
4a?o + 7o!i + 5a 2 
4a + 7ax + 6a 2 



if fc = 0, 
if k = 1, 
otherwise, 

if fc = 0, 
if fc = 1, 
otherwise. 



By Theorem 15.71 we obtain 

T ad pO = .-.<g> 
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2 


3 





1 


2 


2 


2 


2 


3 


3 


3 


3 
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